The stability of non-relativistic runaway electron distributions with respect to the anomalous Doppler resonance is examined in a range of parame- 
I. INTRODUCTION
The response of a plasma to an applied steady electric field E is one of the central problems in Tokamak physics and has been during the past two decades the subject of interest of a number of theoretical studies. [1] [2] [3] [4] [5] [6] Some of the theory, but mainly the experimental effort in this field has been recently reviewed by Knoepfel and Spong. 7 The basic effect resulting from the application of a steady electric field to a distribution of electrons is the generation of runaway electrons forming a raised suprathermal "runaway" tail in the direction opposite to the applied electric field.
Since under certain conditions runaway electrons can cause damage to the confining structures, it has been of great importance to determine their distribution function and more particularly the runaway production rate associated with them. 2 -6 Since these distributions possess a typically high degree of temperature anisotropy, an important problem which also has received some attention 8 -12 is the linear stability of magnetized plasma waves. Roughly speaking, instability occurs when Landau damping (given by 3f/3vIj at vI 1 = vL = w/kII) cannot compensate for the destabilizing effect of the anomalous Doppler resonance [given by the value of f at v = VAD = (w + 2ce)/kII].
In this work we use a finite-element boundary-value code and semi-analytic techniques to investigate runaway distributions and their stability with respect to the anomalous Doppler resonance. We limit our attention to the investigation of conditions for the onset of the instability, and we therefore do not include in the formalism the effect of wave-induced pitch-angle scattering of electrons. We report here that our results are in agreement with those of Wiley et al. 12, but in disagreement with Refs. 9, 10 and 11.
The present work was motivated to some extent by the disparity we find in the literature9-12 as regards the predicted parameter space for the runaway instability. The disagreement on the calculated values of the growth rate can be traced to uncertainty in the evaluation of Landau damping, this resonance being situated at vL = w/kIj which is nearer to the bulk of the distribution than is the anomalous Doppler resonance vAD. Hence VL is situated in a region where f varies relatively rapidly, and where uncareful modeling of the distribution function can seriously misrepresent the actual value of 3f/3v, 1 . In contrast, the anomalous Doppler resonance (ADR) is located in a region of high temperature anisotropy, i.e. far out on the runaway tail at a position vAD > 2 vL. There, the tail is relatively flat and its height directly proportional to the induced particle flow, i.e. to the runaway rate which is a known function 3 ,5,6,13 of ion charge Zi and electric field E. Since the effect of the ADR is essentially determined by the number of electrons supporting the wave, its contribution to the growth rate can be therefore estimated in a straightforward manner.
Amongst the quoted stability studies 9 -1 2 , most accurate appear to us the On the basis of the preceding discussion we conclude that modeling of the distribution function, aimed at analyzing stability with respect to the anomalous Doppler resonance, must be done very carefully.
The plan of this paper is as follows. In Sec. II we describe our 2-D Fokker-Planck code and discuss some basic properties of the distribution function. In Sec. III, the results of Sec. II are combined with singleparticle dynamics to determine the runaway distribution function in ana-lytic form. In sec. IV we deal with the instability threshold, and present our conclusions. With these stipulations, the electron distribution function f is described by the Fokker-Planck equation
II. RUNAWAY DISTRIBUTION FUNCTIONS
where is the test-electron flux.
The equilibrium solution of Eq. (3) with e = 0 is the Maxwellian
We use the normalized variables 
and
For v>1, we have A = 1 + Zi, B = 1.
To integrate Eq. (3) we use the finite-element code TWODEPEP 14 . We directly solve the boundary-value problem for a steady state, af/at = 0. A more detailed discussion on the use of the code to solve the steady-state
The distribution function is generated on a domain (v,y) with boundary values as depicted in Fig In order to scrutinize the runaway distributions thus produced, we first compare in Table I in Fig. 2 . A different representation is in Fig. 3 , where we plot the perpendicular velocity moments of f, the "parallel" distribution function F and the "perpendicular temperature" Tj,
We observe a runaway tail forming as expected near v l 
We see that the perpendicular temperature of the perturbation, T = F 2 /2F0, is indeed large outside the bulk. In the bulk T is only slightly larger than Tbulk = 1, because the deviation of f from a Maxwellian is there dominated by an E-induced shift responsible for the bulk current. This part of the perturbation, proportional to ep, becomes negative for negative vil, and its effect is to make the total perturbation negative in the bulk for negative v 11 . The negative sections appear as interrupted lines in 
III. ANALYTIC SOLUTIONS IN THE RUNAWAY REGION
In the 2-D Fokker-Planck calculations velocity-space is limited to v <35 by available memory size. In order to extend the distribution function in the runaway region beyond this range, we make use of the result obtained in Fig. 4 , namely that the runaway distribution function f is Maxwellian in the perpendicular direction. We can thus write for v Iyvc
where we know from 2-D theory of the runaway tail5, 6 that TL scales as
(1 + Z.)
T ln (vg 1 )E and that
where P is the runaway producton rate6 
where the electric field acceleration is directed along the positive vI -axis, and evII is the rate at which the electron gains energy in the field. Upon substitution for f from (13) we get
20)
where the integral <f/v 3> can be evaluated as
v 2T_ 1 with q = v2/2TL. When v >2T 1 , we find the approximation
which yields the simple expression
e E (v + 3T1)
This function, which depends on ion charge through a = 2 + Z. and T 1 , is in excellent agreement with parallel distribution functions determined numerically from the 2-D Fokker-Planck code. Three examples are presented in Fig. 7 . The various cases we have examined cover the interval of E from E = 0.01 to E = 0.1, with Zi = 1, 4 and 9.
Next, to obtain T 1 (vl 1 ) we eliminate from Eqs. 
For large enough x we can neglect in (25) the term ax, and we write
where in anticipation of the far-asymptotic behavior (14) we assume that y/x<l. The function U = 1 + y/x is then slow compared with y itself, so that to solve Eq. (25) we treat U as a constant factor, and subsequently in the solution thus obtained allow U to again vary. To solve Eq. (24) we go to the new variable z = 1/x, whereby Eq. (24) becomes dy -y la (27) dz eU ZEU whose solution is
where El is the exponential integral. The dominant asymptotic contribution in y is y = U e E, (z/EU),
which, upon identifying y with 2TJ, gives
If we neglect the weak effect of U in the argument of the logarithm, and
where 
IV. STABILITY WITH RESPECT TO THE ANOMALOUS DOPPLER RESONANCE
Electrostatic plasma waves propagating in an infinite, uniform plasma immersed in a uniform external magnetic field, are described by the dielec- Correspondingly, instead of v 110 and vq+1 we use the notation vL, v and vD. It is convenient to work in the normalized variables (6), to which we add the parameter Y specified in (37) and use
The growth rate (38) then becomes
where w +1 W-1 To begin our analysis, we calculated the distribution function f for a few selected values of e in the range 0.015 e50.1, of interest to Tokamaks.
We then substitute f into (40) First, we evaluate the integrals in (40), which also will help us to gain some insight into the effect of the various parameters on the growth rate.
Only two types of integrals appear in (19), namely
The rest is straightforward, and for k,, >0 we obtain
where wn(q) = exp (-q) In(q); In are the modified Bessel functions of
and the prime means differentiation with respect to vg.
We begin the discussion of the growth rate by pointing out that at the Landau resonance the dominant term is F', and typically q<<1, for which Io(q) = 1. At the anomalous Doppler resonance the dominant term is F/TI k 1 1 , but q is not necessarily very small and we cannot automatically use the small argument expansion II(q) = q/2. This then entails that in the expression for yAD the factor TI does not cancel out from the dominant term (F/TIkjj) wl(q). An increasing TI has therefore a stabilizing influence, an effect which disappears in the usual small-argument expansion treatment of the growth rate (40). Whether a small-argument expansion can be used obviously depends on the width of f in vi, of which TI is a measure. 
The function $(vL) has a local minimum with respect to vL and therefore a necessary condition for instability is that vAD exceed the minimum 4.
This behavior is clearly borne out in Fig. 9 , showing stability threshold contours y (vL, vAD) = 0, obtained from (45) and (46) with ( In conclusion, the basic observation we made here is that even for strong fields (E/Ec = 0.1) and high density over magnetic field ratios stream function 2itf dp' SV(v,p'). 
